MAXIMAL d-SUBGROUPS AND ULTRAFILTERS
PAPIYA BHATTACHARJEE' AND WARREN WM. MCGOVERN?

ABSTRACT. We study the space Maxq(G) of maximal d-subgroups of a lattice-ordered group,
paying specific attention to archimedean ¢-groups with weak order unit. For such an object
(G,u), Maxq(G) lays at a level in between the space of minimal prime subgroups and the
Yosida space of (G, u). Theorem 5.10 gives the appropriate generalization of a quasi F-space
to W-objects which avoids a discussion of o-complete ¢-groups.

1. INTRODUCTION

It is a classical result in the theory of rings of continuous functions that, for a Tychonoff
space X, the space of maximal ideals of C(X) and the space of zero-set ultrafilters of X are
homeomorphic; this latter space is the Stone-Cech compactification of X. This result has
been generalized in the context of archimedean ¢-groups with distinguished weak order unit:
the category W whose objects are pairs (G, u) for an archimedean ¢-group G and 0 < u € G
a distinguished weak order unit, and whose morphisms between two objects (G, u) and (H,v)
are (-group homomorphisms ¢ : G — H for which ¢(u) = v.
For a compact space X, the space of ultrafilters on the Wallman lattice

ZH(X) ={clxintx Z : Z € Z(X)}

is known as the quasi F-cover of X and is in bijective correspondence to the maximal d-ideals
of C(X). It is this correspondence that we shall show generalizes in the context of W. We
also generalize some results that occur for uniformly complete archimedean ¢-groups.

We assume the reader is familiar with the fundamental results from the theory of lattice-
ordered groups. In particular, we assume the reader is familiar with terms like convex ¢-
subgroups, values, prime subgroups, and weak and strong order units. The texts [9], [12],
[32], and [7] are excellent sources for the material to be discussed here. For a condensed
version of the background information for this article, the reader is urged to familiarize
themselves with the ideas found in [8]; for which this article is a continuation.

The prime spectrum of G is denoted by Spec(G). The collection of the minimal prime
subgroups is denoted by Min(G). Globally, Spec(G) can be topologized with the hull-kernel
topology. Basic open sets are of the form S(g) = {P € Spec(G) : g ¢ P}, indexed over
0 # g € G. Each S(g) is compact, but not necessarily Hausdorff. The set Val(g) of values
of g is a subset of S(g). The hull-kernel topologies on Min(G) and Val(g) are precisely the
subspace topologies inherited from Spec(G). The basic open set S(g) NMin(G) of Min(G) will
be denoted instead by U(g), while a basic open set of Val(g) has the form S(h)NVal(g). Each
space Val(g) is a compact Hausdorff space. Since Spec(G) is a root system, each P € S(g)
is contained in a unique p4(P) € Val(g). The restriction of pg to U(g) will be denoted by
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Ag : U(g) — Val(g). It is known that both ;4 and Ay are continuous maps. More is now
known.

For g € G, let V(g) = {P € Min(G) : g € V} and observe that V(g) = Min(G) \ U(g),
a basic closed subset of the hull-kernel topology on Min(G). Interestingly, the collection
{V(g) : g € G} is closed under finite intersections (and unions) and thus is a base for an
open topology on Min(G) called the inverse topology; Min(G)~! denotes the space of minimal
prime subgroups equipped with the inverse topology. The hull-kernel topology on Min(G) is
finer than the inverse topology.

Proposition 1.1 (Theorem 3.10 [8]). For any weak order unit 0 < u € G, the map
Ay : Min(G) ™! — Val(u)

18 continuous.

In the context of W, it is standard to denote the set of values of u by Y G and call YG
the Yosida space of (G,u); YG is a compact Hausdorff space. A basic open set has the form

coz(g) ={p e YG: g ¢ p},

for some g € G, and which is simply the set coz(g) = YG N S(g). This set is called the
cozero-set of g. Any subset of YG of this form is known as a G-cozero-set; the collection
of all such subsets is denoted by coz(G), and obviously is a base for the topology of open
subsets of YG. The complement of a G-cozero-set is a GG-zero-set and the collection of these
is denoted by Z(G). In the few cases where a discussion of (G, u) and (G, v) takes place with
0 < u,v different weak order units, we shall use the symbol Yosg(u) to denote the Yosida
space relative to wu.

We revisit the Yosida Embedding Theorem. Let R = RU {400, —co} denote the two-point
compactification of the real numbers with the obvious ordering. For a Tychonoff space X
and a continuous function f : X — R, set re(f) = f~1(R); this is known as the reality set

of f.
D(X)={f:X — R: f is continuous and re(f) is a dense subset of X}.

In general, D(X) is a lattice under the pointwise operations but not a group under (almost)
pointwise addition. However, by an ¢-subgroup of D(X) is meant a subcollection H of D(X)
that is a sublattice and is also closed under the addition defined as follows: for f,g € H there
is an h € H such that for all z € re(f) Nre(g), f(z) + g(x) = h(x). We now state one of the
most important theorems in the context of W.

Theorem 1.2 (The Yosida Embedding Theorem). Let (G,u) be a W-object. There is an
C-isomorphism of G (g — §) onto an (-subgroup G < D(YG) such that & = 1 and G has
the following separation property: for each p € YG and closed set V- C Y G not containing
p, there is some g € G for which g(p) =1 and G(q) =0 for all g € V. Moreover, Y G is the
unique compact space, up to homeomorphism, satisfying these two properties.

Example 1.3. The quintessential example of a W-object is (C'(X), 1) for a Tychonoff space
X. By properties of the Stone-Cech compactfication, each f € C(X) extends to an f :
BX — R, inducing an ¢-isomorphism of C'(X) inside D(SX) which separates points of SX.
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Therefore, YC(X) = fX. Observe then that a C'(X)-zero-set is a member of Z(SX), and
vice versa. It is standard to call a subset Z of X, a zero-set of X if Z = {z € X : f(z) =0}
for some f € C(X). The set of all zero-sets of X is denoted by Z(X). Note that if X is not
compact, then Z(X) and Z(C(X)) are not the same, as the first is a collection of subsets of
X, while the second is a collection of subsets of 5.X.

A second important example is C(X,Z). Recall that this notation stands for the ¢-group
of integer-valued continuous functions on X. When studying this ¢-group it will be assumed
that X is a zero-dimensional space. A similar argument is useful in characterizing Y C(X,Z)
as [8pX, the Banaschewski compactification of X. This compactification is the Stone dual of
B(X), the boolean algebra of clopen subsets of X.

We do point out that, obviously, both C(X) and C(X,Z) have many weak order units.
However, when we speak of C'(X) and C(X,Z), unless otherwise noted, it will be assumed
that 1 is the distinguished weak order unit.

We conclude this section with a recollection of some important terminology from the theory
of f-groups. For S C G, the polar of S is the set

St ={heG:|g|A|h|=0forall ge S}

When S = {g} we instead write g*. Notice that the symbols S*+ and g~ are obvious.
A central concept is the following. The f-group G is said to be projectable if for all g € G,
G = g+ + g+, Next, the convex f-subgroup generated by an element g € G is the set

&(g) = {h € G : |h| < nlg| for some n € N}.

The collection of all convex ¢-subgroups of G is denoted by €(G). When partially-ordered
by inclusion €(G) is an algebraic frame with the FIP and disjointification. For H, K € €(G),
the join and the meet of H and K will be denoted by H\/ K and H [ K, respectively.

For (G,u) € W, the convex (-subgroup of G generated by u is denoted by G*. Observe
that (G*,u) € W. The Yosida Embedding Theorem represents elements of G* as bounded
elements of D(YG), so that G* C C(YG) and YG* = YG.

2. SPACES OF ULTRAFILTERS

Throughout this section we assume that (G,u) € W.

As mentioned in the first section there is a nice correspondence between YG and the
collection of Z(G)-ultrafilters. This correspondence is obtained as follows. Start with a
convex f-subgroup H < G and form

Z|H={Z(h) € Z(G) : h € H}.
It is straightforward to check that Z[H] is a Z(G)-filter. Also, ) € Z[H| if and only if H = G.
Next, let F be a Z(G)-filter and form
<f:{heG:Z(h)eF}.

Then ? is a convex f-subgroup, and is proper if and only if F is a proper filter. The main
result is that Z[H] is a Z(G)-ultrafilter if and only if H is a value of u. Next, the space of
Z(G)-ultrafilters can be topologized with the Wallman topology. As this topology is central
to our discussion, we elaborate.
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Definition 2.1. Let (L,V,A,0,1) be a bounded distributive lattice, and let Ult(L) denote
the collection of L-ultrafilters. For a € L, denote the set of ultrafilters containing a by V(a).
The operator V(-) has the following properties: [3].
(i) For each a,b € L, V(a) UV(b) = V(aVb) and V(a) N V(b) = V(a A D).
(ii) The collection {V(a) : a € L} forms a base for a topology of closed sets on Ult(L).
This is called the Wallman topology on Ult(L).
(iii) For each a < 1, there is a 0 < ¢ € L such that a A ¢ = 0 if and only if the map
a — V(a) is injective. (A lattice satisfying either of these equivalent conditions is
called a Wallman lattice.)
(iv) If L is a Wallman lattice, then Ult(L) is a compact T;-space.
(v) The space Ult(L) is a Hausdorff space if and only if for any a,b € L such that aAb =0
there exists z,y € L such that tVy =1and aAy=0=0bAz. (When Ult(L) is a
Hausdorff space, we shall say L is a normal lattice.)

Example 2.2. A boolean algebra B is easily seen to be a normal Wallman lattice. Its space
of ultrafilters is known to be isomorphic to its Stone dual, i.e. the space of maximal ideals of
B. Therefore, Ult(B) is a compact zero-dimensional Hausdorff space.

Now, Z(G) is a bounded distributive lattice. It is straightforward to check that Z(G) is
a normal Wallman lattice. Therefore, the space of Z(G)-ultrafilters is a compact Hausdorff
space. Furthermore, YG and Ult(Z(G)) are homeomorphic via the restriction of the map
Z[-] to YG.

Another example where this type of construction has been useful is in the construction of
the essential closure of a W-object (see [10]). Starting with a compact Hausdorff space X
one forms R(X), the collection of regular closed subsets of X. (Recall that V' C X is called
regular closed if V= clx intx V.) It is well-known that R(X) is a (complete) boolean algebra
when partially ordered by inclusion. The meet, join, and complement are given as follows:
for V1,V5 € R(X)

(i) VWU Vv, =vu Vo
(ii) Vin' Vo =clyx intX(V1 N V2)7
(iii) V/ = clx (X ~ VA).
Since R(X) is a boolean algebra, it is a normal Wallman lattice, and thus one can speak of its
space of ultrafilters Ult(R(X)). It is customary to denote the space of R(X)-ultrafilters by
E(X) and call £(X) the absolute of X. It is known that £(X) is the extremally disconnected

cover of X, as well as the projective cover constructed by Gleason. The covering map is
defined by ex : £(X) — X:

ex) = (U

where (U = {p}, a unique point in this set ex(U), since X is compact. (For a detailed
discussion on covers and covering maps, we point the reader to [35].)

We now turn to another construction that has been developed and the one that we are
interested in generalizing for W-objects (see [25]). Recall that

ZHX) ={clyintx Z : Z € Z(X)}.
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This collection is a sub-lattice of R(X) and is a normal Wallman lattice. The space of
ultrafilters of Z#(X) is denoted by QF(X) and it is well-known that QF(X) is a compact
quasi F-space which covers X with the covering map Vx defined in the analogous way.

For (G,u) € W, define

ZH@) = {clygintyg Z(f) : f € G}.
Observe that each member of Z#(G) belongs to Z*(Y'G) and so is a regular closed set. More-

over, it follows from Lemma 2.2 of [25] that Z%(G) is a sublattice of R(Y'G). Furthermore,
for all Z1,7Z, € Z(G)

clygintyg 21 ad clygintyg Zo = clyg intyg(Zl N ZQ)

and
clygintya 21 U clygintyg Zs = clya intyg(Zl U Zg).

It will be shown later that Ult(Z*(G)) is a Hausdorff space, by an indirect route. We
leave it to the interested reader to show that Z*(G) is a normal Wallman lattice; the Yosida
Embedding Theorem is pivotal.

Example 2.3. As pointed out in the previous section, for a compact space X, Z(C(X)) =
Z(X). There are many examples of W-objects (G,u) such that Z(G) = Z(YG). Some
examples of this include i) uniformly complete W-objects, ii) convex W-objects, that is,
whenever f € D(YG) and there are g1, g2 € G such that g3 < f < g9, then f € G. In this
case, the construction of Ult(Z#(G)) produces the quasi F-cover of X = Y G.

For a general W-object (G, u), it is possible that Z*(@) is actually nothing more than the
boolean algebra of clopen subsets of Y'G; it is always the case that B(YG) C Z¥(G). For
example, if YG is basically disconnected, then B(YG) = Z#(G). This equality leads us to
consider the coincidence of the sets Z(G), Z¥(G), and B(Y'G). Recall from [18] that (G, u) is
said to be bounded away if for every g € G, there is some ¢ > 0 such that for all p € coz(g),
€< g(p).

Proposition 2.4 (Theorem 2.3 [18]). Let (G,u) be a W-object. The following statements
are equivalent.
(1) Z(G) =B(YQG).
2) Z(G) = B(YG) = Z4G).
(G,u) is a bounded away C-group.
( ) is hyper-archimedean.
( ) is bounded away.
FEvery W-homomorphic image is bounded away.
FEvery value of u is a minimal prime subgroup of G.

Min(G) = YG.
Proof. The equivalencies of the conditions (3) through (8) are shown in [18, Theorem 2.3].
(1) is equivalent to (2). Clearly, if Z(G) = B(YG), then B(YG) = Z¥(G). The converse

is obvious.

*
, U
*
, U

(1) is equivalent to (3). If every G-zero-set of G is clopen, then so is every G-cozero-set.
Since Y G is compact it follows that the image of g(coz(g)) is a compact subset of (0, o0]
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and so has a nonzero minimum. Therefore, (G, u) is bounded away. Conversely, if (G, u) is
bounded away then for each g € GT, coz(g) = g~ 1([¢, 00]) a closed subset of YG. Therefore,
each G-cozero-set is clopen. d

A more general class of W-objects that is of interest here is the class of weakly projectable
W-objects. (G,u) is said to be weakly projectable if for every g € G, clcoz(g) € B(YG).
Observe that this is equivalent to saying that int Z(g) € B(YG) for all g € G. Obviously, in
this case, Z*(G) = B(G). For more information on weakly projectable W-objects we suggest
the reader check [19] and the more recent carnation [21]. The concept of a weakly projectable
£-group does indeed generalize the concept of a projectable £-group.

Theorem 2.5. Let (G,u) be a W-object. The following statements are equivalent.
(1) Z4G) = B(YG).
(2) (G,u) is weakly projectable.
(3) (G*,u) is weakly projectable.

Proof. As was pointed out above, a weakly projectable W-object (G,u) satisfies Z#(G) =
B(G). Conversely, suppose that Z*(G) = B(G) and let g € G. Then clint Z(g) is a clopen
subset of Y'G. By taking complements, this means that int cl coz(g) is also clopen. Therefore,

int clcoz(g) = clint cl coz(g) = clcoz(g)
is clopen. Consequently, (G, u) is weakly projectable. O

Example 2.6. For a Tychonoff space X, C(X) is bounded away if and only if X is finite.
On the other hand C(X,Z) is always bounded away. Turning to the concept of weakly
projectable, it is true that C'(X) is weakly projectable if and only if it is projectable if and
only if X is basically disconnected. C'(X,Z) is always projectable.

What is left to discuss is the situation when the equality Z(G) = Z*(G) holds. However,
we leave this to Theorem 5.3 in order to be able to expand on the discussion.

3. clcoz(G)

It ought to be apparent by looking at the proof of Theorem 2.5, that the collection
clcoz(G) = {clcoz(g) : g € G} is of high importance. The collection has some nice properties
which we aim to discuss in this section.

Lemma 3.1. For a W-object (G,u), clcoz(G) is a Wallman sublattice of R(YG).
Proof.
clcoz(gy) M clcoz(ge) = clint(clcoz(gr) Nclcoz(go))

cl(coz(g1) Ncoz(ga))
= cleoz(|g1] A |g2|)

and
clcoz(gr) U cleoz(ga) = clecoz(gr) U cleoz(gs)
= cl(coz(g1) U coz(g2))
= cleoz(|g1| v |g2]).
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This shows that ¢l coz(G) is a sublattice of R(YG). The Yosida Embedding Theorem is
used to show that it is a Wallman lattice. O

In general, the lattice ¢l coz(G) need not be a normal lattice. Example 2.6 of [25] shows
that there is a compact Hausdorff space X, for which the space of ultrafilters of ¢l coz(X) is
not Hausdorff. We use the rest of this section to discuss Ult(cl coz(G)), concluding with a
characterization of when Ult(coz(G)) is Hausdorff.

Lemma 3.2. Let (G,u) be a W-object.
(a) For U € Ult(coz(@Q)), the collection U = {clC € clcoz(G) : C € U} is a clcoz(G)-
ultrafilter.
(b) For F € Ult(clcoz(G)), the collection F = {C € coz(G) : cl1C € F} is a coz(G)-
ultrafilter.

(¢) The map (-) : Ult(coz(G)) — Ult(clcoz(Q)) is a bijection.

(d) Moreover, the map (-) is a homeomorphism with respect to the Wallman topologies.

Proof. (a) Let c1C,clD € U for C, D € coz(G). Then c1C 1 I D = cl(C N D) which must
also belong to U since CND € U.
Next, let c1C € U with C € U. Let D € coz(QG) satisfy c1C' C cl D. Then

cdD=clCU clD=cl(CUD)

which belongs to U since CUD e U. B
Lastly, to show that U is an ultrafilter, let c1 D ¢ U with D € coz(G). This means that
D ¢ U and so there is some C' € U such that C N D = (). Then, cIC € U and

cdCNelD=cl(CnD)=1,
whence we gather that U is a cl coz(G)-ultrafilter.

(b) Let F € clcoz(G) and F defined as in the statement of the lemma. Let C, D € F, which
means that clC,cl D € F. Since F is a filter, then cI(C'N D) € F. Therefore, C N D € F.
Similarly, as above, if C' € F and C' C D, then clC' C cl D which means that c1D € F,
whence D € F.

Finally, suppose D € coz(G) and D ¢ F. Then c1 D ¢ F and so there is some clC' € F for
which c1C N clD = 0. Then CND =0 with C € F.

(c) Let U € Ult(coz(G)). Observe that & C (U). Since U is an ultrafilter it follows that

they are equal. Conversely, given V € Ult(clcoz(G)). Then since V C (V), we again conclude
that these two sets are equal. It follows that the identifications given above are inverse
functions of each other.

(d) Recall that a basic closed subset of the Wallman topology on Ult(coz(G)) is the collec-
tion of ultrafilters that contain a fixed cozero-set: V(C) for C' € coz(G). We leave it to the
interested reader to check that

V(C) = V(clC) and V(c1C) = V(C).
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Remark 3.3. In [4], the authors show that for an arbitrary ¢-group G, the space of ultrafilters
of the (bounded below) lattice G* is homeomorphic to Min(G)~!. This uses the well-known
Lemma on Ultrafilters.

For a W-object (G,u), the space of ultrafilters of coz(G) is also homeomorphic to the
space of ultrafilters of G*. Therefore, it is obvious that the space of ultrafilters of coz(G),
and hence of clcoz(G), has to do more with the structure of G, rather than of the Yosida
space itself. We state this formally in our next two results.

Definition 3.4. Recall from [8], that an ¢-group G is called lamron if whenever a,b € G*
such that a A b = 0, then there are z,y € GT such that a <z, b <y, aAy=0=bAz, and
x V y is a weak order unit.

Theorem 3.5. For a W-object (G, u), the spaces Ult(cl coz(G)) and Min(G)~! are homeo-
morphic. Consequently, the following statements are equivalent.
(1) Ult(el coz(G)) is a Hausdorff space.
(2) Min(G)~! is a Hausdorff space.
(3) G is a lamron (-group.
(4) For each pair of disjoint G-cozero-sets Cy,Ca, there exists G-zero-sets Z1, Zs such
that Ch C Z1,C9 C Zs, and int Z1 Nint Zy = 0.

Proof. [4, Theorem 4.8] states that Ult(coz(G)) and Min(G)~! are homeomorphic. That (2)
and (3) are equivalent follows from [8, Theorem 2.7], while [8, Theorem 3.15] states and
proves that (3) and (4) are equivalent. O

Corollary 3.6. Let G be an archimedean £-group and 0 < u,v € G be weak order units. Let
G = G1 = Gy and consider the W-objects (G1,u) and (Ga,v). Then the space of clcoz(G1)-
ultrafilters and the space of clcoz(G2)-ultrafilters are homeomorphic.

Example 3.7. Let D be an uncountable discrete space and aD its one-point compactificaton.
Interestingly, the W-object C(aD, Z) satisfies the property

coz(C(aD,Z)) = B(aD) = clcoz(C(aD,Z)).

C(aD,Z) is alamron ¢-group, and hence Ult(cl coz(C(aD,7Z)) is Hausdorff. However, C'(aD)
is not a lamron ¢-group. Hence, clcoz(aD) is not a normal lattice. Of course, this works for
any compact zero-dimensional Hausdorff space X for which C(X) is not lamron.

4. d-SUBGROUPS

Definition 4.1. Let G be a f-group and K € ¢(G)!. K is called a d-subgroup if whenever
g € K, then ¢+ C K.

Examples of d-subgroups include polar subgroups and minimal prime subgroups. There
has been much work on the study of d-ideals of C'(X) and other types of archimedean f-rings.
From a different vantage point, Martinez and Zenk [33] studied d-elements in algebraic frames
with FIP. The work of Huisjmans and de Pagter [27] is particulary influential in that they
studied maximal d-ideals in uniformly complete vector lattices.

1Qﬁ(G) is the frame of convex ¢-subgroups of G.
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Denote the set of d-subgroups of G by €4(G). An intersection of d-subgroups is again a
d-subgroup. Therefore, €4(G) forms a complete lattice. In fact, it is an algebraic frame with
FIP. Each convex {-subgroup is contained in a smallest d-subgroup; denote this operator by

B4(-)-

Lemma 4.2. Let K € €(G). The smallest d-subgroup containing K is

Gq(K) = \/ k.
keK

Consequently, K € &(G) is a d-subgroup if and only if K = \/;cx k++.  Furthermore,
Ga(g) =g

The only d-subgroup of G that contains a weak order unit is G itself (in the case it has one).
Furthermore, a union of a chain of d-subgroups of G is again a d-subgroup, and if G possesses
a weak order unit, then a union of a chain of proper d-subgroups is again proper. Therefore,
one may speak of maximal d-subgroups when G has a weak order unit. Let Max,(G) denote
the set of maximal d-subgroups. When studying Max,(G) it will be assumed that G possesses
a weak order unit to ensure that Max4(G) # (). However, there is no need to assume that G
is even abelian. Of course, we will focus on W-objects.

Proposition 4.3. Let G possess a weak order unit.
(a) Let H € €(G). If H does not contain any weak order units, then neither does &4(H).
(b) If K € Maxy(G), then K is mazimal with respect to not containing a weak order unit.
(¢) If H is mazimal with respect to not containing any weak order unit, then H €
Max4(G).
(d) If K € Maxy(G), then K € Spec(G).

Proof. (a) If 0 < u € G belongs to B4(H), then there is some 0 < h € H" such that
w € ht+. If u is a weak order unit, then so is h.

(b) Let K € Max4(G). Indeed, K does not contain any weak order unit. Let K < H and
suppose that H does not contain any weak order unit. By (a), &4(H) does not contain any
weak order unit and is a d-subgroup. By maximality, K = H = &4(H).

(c) Suppose H is maximal with respect to not containing any weak order unit (such things
exist by Zorn’s Lemma). By (a), neither does &4(H), and so by maximality, H = &4(H) is
a d-subgroup. Any proper d-subgroup containing H will not contain any weak order units,
so that H € Max,(G).

(d) Suppose that a Ab =0 and a ¢ K. Then €4(a, K) = G. So, there is some 0 < k € K
such that b € o'+ Vv k. Applying, the Riesz Decomposition Theorem, there is some
0 < by € att and 0 < by € kL such that b = by + bs.

b=bAb=0bA (b1 +b2) < (bAb1)+ (bAb2) =bAby.
Thus, 0 < b< by € K. ]
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The set Maxy(G) can be equipped with the hull-kernel topology. For g € G, let Uy(g) =
{M € Max4(G) : g ¢ M}. Then, similar to what occurs for Spec(G), the following hold (see
[8, Proposition 2.1]). Clearly, Us(g) = Ua(|g])-

Lemma 4.4. The following hold for all g,h € G™.
(a) Uy(g) = Maxq(G) if and only if g is a weak order unit.
(b) Ua(g) UUa(h) = Ua(g V h).
(c) Ualg) NUa(h) = Ua(g A h).
(d) The subset T C Maxy(G) is open in the hull kernel topology if and only if there is
some d-subgroup H for which T = Ug(H).
(e) If (G,u) € W, then Uy(g) = 0 if and only if g = 0.

Theorem 4.5. Let G possess a weak order unit. The space Maxy(G) is a compact Hausdorff
space.

Proof. Since G possesses a weak order unit it is clear that Max4(G) is nonempty. In [33] it is
pointed out that, and in a more general setting, the set of d-subgroups of G, denoted €4(G),
is an algebraic frame with FIP. This yields that Max,(G) is a compact space. Furthermore,
disjointification in G can be used to show that Maxy(G) is Hausdorff as we now demonstrate.

Let M, N € Maxy(G) be distinct maximal d-subgroups. Since M and N are incomparable,
there are p € MT~ N and ¢ € N*~ M. By disjointification, it follows that there are 0 < p €
M* <N and 0 < g€ Nt~ M such that pA g = 0. Then, Uy(p) NUa(q) = Ug(pAq) = 0 and
N € Uy(p), M € Uy(q). Consequently, the hull-kernel topology on Max,(G) is Hausdorff. O

Now is the time to connect the concept of d-subgroups to the collection Z%(G) for a W-
object (G,u). Let H be any convex ¢-subgroup that does not contain any weak order unit of
G, and define

Z4H] = {clint Z(g) : g € H}.
Then Zﬁ[H] is a proper filter on Zﬁ(G) since, in the first place, for all f,g € H,
clint Z(f) N clint Z(g) = clint(Z(f) N Z(g))
= clint Z([f] v |g]),
with |f| V |g| € H. In the second place, if clint Z(f) C clint Z(g) and f € H, then
clint Z(g) = clint Z(f)Uclint Z(g)
= clint(Z(f)U Z(g))
= clint(Z([f] A lgl)

By convexity, |f| A|g| € H. In the third place, notice that since clint Z(f) = 0 if and only if
int Z(f) = 0 if and only if f is a weak order unit, Z*[H] is a proper Z*(G)-filter. Therefore,
the map Z*[-] takes convex f-subgroups which do not contain weak order units to (proper)
Z8(@Q)-filters.

Inversely, let F be a proper Z%(G)-filter and set

-
ZHF)={f € G :cint Z(f) € F}.
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<_
Then a similar argument as just provided demonstrated that Z#[F] is a convex f-subgroup
that does not contain a weak order unit. More can be said.

Lemma 4.6. The following hold for the Wzﬁbject (G, u).

(a) For any proper Z%(G)-filter, say F, Z¥[F) is a d-subgroup.
(b) For any g € G, gt = {k € G : clint Z(g) C clint Z(k)}.

<_
Proof. (a) Let 0 < k € Z*[F]*. This means that clint Z(k) € F. Let g € k*+. Then
coz(g) C clcoz(k).

Complementation yields that int Z(k) C Z(g), and thus, int Z(k) C int Z(g). Taking closures
of both sides results in
clint Z(k) C clint Z(g).
H
By hypothesis, F is a Z*(G)-filter and so clint Z(g) € F, and therefore g € Z*[F)].
(b) Observe that
gt = {keG:coz(k) Ccleoz(g)}
= {keG:intZ(g9) C Z(k)}
C {keG:clintZ(g) Cclint Z(k)}.

The lemma states that the first and last sets are equal. Let k € G satisfy
clint Z(g) C clint Z(k).

By way of contradiction, assume that int Z(g) € int Z(k). Let x € int Z(g) \ int Z(k). That
x ¢ int Z(k) means that x € clcoz(k). That x € int Z(g) means there is an open set O such
that x € O C int Z(g). Combining these two, forces the existence of a t € O N coz(k). On
the one hand,

t€ O Cint Z(g) C clint Z(k),

by hypothesis. So since ¢t € O N coz(k) there is a y € int Z(k) N (O N coz(k)). Soy € Z(k)
and y € coz(k), the desired contradiction.
[l
H
For emphasis, the map Z[] tal<<e_s proper Zﬁ(G)—ﬁgers and converts them to proper d-

subgroups of G. Evidently, H C Z![Z}[H]] and Z}[Z*[F]] = F. Consequently, there is a
bijection between Maxy(G) and Z*(G)-ultrafilters.

Corollary 4.7. Let K € €4(G) be a d-subgroup. Then g € K if and only if clint Z(g) €
ZYK].

Proof. The forward direction is clear by definition. Conversely, let clint Z(g) € Z*[K]. This
means that there is some 0 < k € K such that
clint Z(k) = clint Z(g).

Consequently, g € k. Therefore, since K is a d-subgroup, g € K. O
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Theorem 4.8. For a W-object (G,u) the space of Z*(G)-ultrafilters is homeomorphic to
Max4(G).

Proof. The bijection in question is Z#[] : Maxq(G) — Ult(Z*(G)). A basic closed subset of
Ult(Z*(G)) has the form

V(clint Z) = {U € Ult(Z*(Q)) : clint Z € U}
for Z € Z(G). Let Z = Z(f) for 0 < f € G*. Now,

?(V(ClintZ(f)) = {M e Maxy(G) : Z*[M] € V(clint Z(f))

)
= {M e Maxy(G) : clint Z(f) € Z*[M]}
= {M € Maxy(G): fe M}
= Maxy(G) \ Uqa(f)

It follows that Z*[] is a continuous bijection between the compact Hausdorff spaces Max,(G)
and Ult(Z*(@Q)). O

5. COINCIDENCE AND BIJECTIONS

Definition 5.1. Suppose G is an ¢-group and possesses a weak order unit, say 0 < v € G.
Then since each minimal prime subgroup is a d-subgroup and each member of Max,(G) is a
prime subgroup, to each P € Min(G), there is a unique maximal d-subgroup ?(P) containing
P. This defines a map

0 : Min(G) — Maxy(G).
Moreover, since each M € Max4(G) does not contain wu, it follows that each M € Maxy(G)
is contained in a unique value of u, denoted )\g(M ). This defines a map

A Maxg(G) — Val(u).
Observe that A, = A% 0.

Min(G Val(u

Maxd
When the situation warrants it, the subscript of u Wlll be dropped.
Proposition 5.2. Let G be an {-group with a weak order unit. The following hold.
(a) The map 0 : Min(G)~! — Maxy(G) is continuous.
(b) For a W-object (G, u), the map \¢ : Maxy(G) — Y G is continuous.
Proof. For the purposes of this proof let Vy(z) = Max,(G) \ Uy(z).
(a) Let P € Min(G) so that
o(P) € Ua(h),
a basic open subset of Maxy(G). To each Q € Vy(h), 2(P)
basic open subsets of Max4(G), say Uy(tg) and Ug(gq), for 0
Q)

Q € Ua(tq) and d(P) € Ua(g

# @ and so there are disjoint
<tgQ,9q, such that
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The collection {Uy4(tg)} is an open cover of the basic closed set (and hence compact) Vy(h).
Therefore, there is a finite subcover, say {Uq(tq,), ..., Ud(tg,)}. Set

t=1tg, V...Vig, and g =gg, N...Ngq,-

Note that since 0 = Uy(tg) N Ui(g9g) = Ualtg A gq), it follows that tg A gg = 0 and hence,
tAg=0. Now, 0(P) € Us(g9g,) N ...NU4(q0,) = Ualg9g, N ... NgqQ,) = Ua(g). This forces
g¢ P,andsot € P. i.e. P € V(t), a basic open subset of Min(G)~!.
Now, let R € Min(G) so that R € V(¢). If it were the case that d(R) € Vy(h), then
d(R) € Uy(tg,) for some i. But 0 < tg, <t € R, yields a contradiction. So d(R) € Uy(h).
What has been demonstrated is that the P € V(t) C 0~ }(Uy(h)). This means that ? is a
continuous map from the inverse topology on Min(G) to the hull-kernel topology on Max4(G).

(b) Observe that since each maximal d-subgroup contains no weak order unit, Maxy(G) C
S(u). Thus, the restriction of the continuous map g, : S(u) — Val(u) to the set Maxy(G)
is also continuous. This map is \j.

]

The commutative triangle at the end of Definition 5.1 can be expanded to include the
identity map i : Min(G) — Min(G) L.

Min(G) — Min(G)~! al

Maxd(G)

Val(u)

Next, our aim is to classify coincidence of the three sets Min(G), Max4(G), and Val(g).
Specifically, we consider the case for a W-object. We answer this in the next result. Notice
that the last condition of the next theorem answers the question of when Z(G) = Z%(G).

Theorem 5.3. The following hold for a W-object (G, u).
(a) Min(G) = YG if and only if (G, u) is bounded away.
(b) Min(G) = Maxy(G) if and only if G is complemented.
(¢) The following statements are equivalent.
(I) Maxy(G) = YG.
(IT) Ewvery value of u contains no weak order units.
(IIT) There are no proper dense G-cozero-sets of YG.
(IV) Z(G) = Z¥G).

Proof. (a) This is part of Theorem 2.4.

(b) This is from [33, Remark 5.6 (d)] , where the ¢-groups for which Min(G) = Max4(G)
are termed d-regular. For vector lattices, Theorem 9.5 and Remark 9.6 of [28] are useful for
comparison.

(c) Clearly, (I), by Proposition 4.3, is the same as saying each value of u is maximal with
respect to not containing any weak order unit. Therefore, (I) and (II) are equivalent.
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(IT) and (III) are equivalent. If coz(g) is dense in Y'G for some g € G, then g is a weak
order unit. Using (II), no value of u contains g. Hence coz(g) = Y G. Contrapositively,
suppose P € YG and there is a weak order unit g such that g € P. Therefore, P € Z(g).
Consequently, coz(g) is a proper dense subset of YG.

(IT) implies (IV). Let 0 < g € G and let p € Z(g). Suppose that p ¢ clint Z(g). By the
Yosida Embdding Theorem, there is an 0 < f € G such that f(p) = 0 and f(q) = 1 for all
q € clint Z(g). Consider Z(f A g) = Z(f) N Z(g). If there is some p’ € int Z(f A g), then
f(@')=0and p’ € int Z(g) . The latter implies that f(p') = 1, a contradiction. Therefore,
int Z(f Ag) =0, i.e. fAgisa weak order unit. However, by convexity of p € YG, fAg € p,
a contradiction. It follows that Z(g) = clint Z(g), whence Z(G) C Z*(G). Now, for any
clint Z(g) € Z%G), we have that clint Z(g) = Z(g) € Z(G), demonstrating the reverse
containment.

(IV) implies (IIT). Suppose Z(G) = Z¥(G) and let C' = coz(g) be a dense cozero-set. Then,
by hypothesis, Z(g) = clint Z(f) for some 0 < f € G. Taking complements means that
coz(g) = clcoz(f) so that coz(g) = YG.

O

Remark 5.4. Theorem 5.3 (b) is true for any ¢-group. For a W-object (G, u) we can also
add that G is complemented if and only if Z%(G) is a boolean sub-algebra of R(YG). We
leave it to the interested reader to check this.

We now turn to classifying when the maps A, 0, and )\g are bijections. The first and third
maps will be considered in the case of W-objects while for the map 0 we can generalize to
arbitrary ¢-groups with weak order units.

Proposition 5.5. Let (G, u) be a W-object. The map Xy, is a bijection if and only if (G, u)
has W -stranded primes.

Remark 5.6. For some more equivalent conditions on what it means for a W-object to
have W-stranded primes we point out [8, Theorem 3.7]. A W-object (G, u) for which G has
stranded primes certainly has W-stranded primes. However, the converse is not true. Let
H = C*(N), the set of bounded sequences, and let G =< H,i > where i is the sequence
i(n) = n. Then (G, 1) has W-stranded primes, while (G,7) does not. In particular, G does
not have stranded primes.

Theorem 5.7. Let G be an £-group with a weak order unit. The following are equivalent.

(1) The map o : Min(G) — Max4(G) is a bijection.

(2) G is a lamron (-group.

(3) The map 0 is a homeomorphism between Min(G)~! and Maxy(G).
Proof. (1) implies (2). Suppose 0 is a bijection, and let P,Q € Min(G) be minimal primes.
If the ¢-subgroup generated by P and @, P\/ @, does not contain a weak order unit, then
P\/Q is contained in some M € Maxy(G) and so 9(P) = M = 0(Q). By hypothesis, P = Q.
Therefore, the convex £-subgroup generated by distinct minimal primes contains a weak order
unit. Consequently, G is a lamron ¢-group.

(2) implies (1). Suppose G is a lamron ¢-group and let ?9(P) = 0(Q) for P,Q € Min(G).

Then
P\/Q coP)\/2(Q) =0o(P).
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Since ?(P) does not contain any weak order units and G is a lamron (-group, P = Q.

(2) implies (3). In the case that G is a lamron ¢-group, Min(G)~! is a compact Hausdorff
space. The map ? : Min(G)~! — Max,(G) is a continuous bijection between compact
Hausdorff spaces, therefore a homeomorphism.

(3) implies (1). This is obvious. O

Remark 5.8. To our knowledge, Theorem 5.7 is new in the the theory of ¢-groups. For
archimedean uniformly complete vector lattices, this was proved in Theorem 5.1 of [27]. The
authors were not aware of the importance of the inverse topology, but instead were interested
in properties such as the o-interpolation property. They also show that in their set-up, the
map 0 is a bijection if and only if Maxy(G) is an F-space. This is not true in general. For
example, for a compact zero-dimensional Hausdorff space X, the W-object G = C(X,Z) has
the property that 0 is the identity map, yet Maxy(G) = X need not be an F-space.

Next, a classification of when the map A? is a bijection is in order. To state this theorem,
one must have a deeper understanding of the set Max,(G), or equivalently, the set of Z%(G)-
ultrafilters. Let p € Y G and define

Fp=A{clintZ : Z € Z(G) and p € int Z}.
Since, if p € int Z; and p € int Z5 implies
p E€int Z1 Nint Zy = int(Z1 N ZQ),
it follows that for any Bj, By € Fp, then By ' By € F,. Therefore, F), is a filter base for a
filter on Z*(G).

Lemma 5.9. Let U € Ult(Z*(G)). Then F, CU if and only if p € N U.

Proof. First, suppose that p € N U, and let Z’ € Z(G) such that clint Z’ € U. Let Z € Z(G)
such that p € int Z. Now, p € clint Z’. For any open subset of Y'G containing p, say O, then
p € ONint Z so that ON (int Z Nint Z') = (O Nint Z) Nint Z" # . It follows that

p €clint(ZNZ') =clint Z N clint Z’.

Therefore, each element of I/ meets each element of 7, in a non-empty set. Since U is a
Z%(G)-ultrafilter, the conclusion is that F, C U.
Second, suppose that F, C U. If p ¢ N U, then there is some Z € Z(G) such that
p ¢ clint Z. By the Yosida Embedding Theorem, there is some 0 < f € G such that
pe€int Z(f) and Z(f) Neclint Z = (). But then
0 =clint Z " clint Z(f) € U,
a contradiction. O
Theorem 5.10. Let (G,u) be a W-object. The following are equivalent.
(1) The map \* : Maxyq(G) — Y G is a bijection.
(2) The map \* : Maxyq(G) — Y'G is a homeomorphism.
(3) For each p € YG, there is a unique Z*(G)-ultrafilter containing F,.
(4) For all f,g € G,
clint(Z(f)NZ(g)) = clint Z(f) Nclint Z(g).
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(5) Forall f,g € G, if int Z(f)Nint Z(g) = 0, then
clint Z(f) Neclint Z(g) = 0.
(6) The collection S, = {clint Z(f) : p € clint Z(f)} is a filter.

Proof. That (1) and (2) are equivalent uses that A4 is a continuous map between two compact
Hausdorff spaces.

(1) is equivalent to (3). This is obvious since, on the one hand, A4(U/) = p if and only if
p € NU, and on the other hand, a Z#(G)-ultrafilter U satisfies p € N U if and only if F, C U.

(4) implies (5). Recall that
clint Z(f) " clint Z(g) = clint(Z(f) N Z(g))-
Thus, if int Z(f) Nint Z(g) = 0, then

clint Z(f) Nelint Z(g) = clint Z(f) N clint Z(g)
— dmt(Z(f) N Z(g))
= c
=0

(5) implies (4). Clearly, clint Z(f) " clint Z(g) C clint Z(f) Nclint Z(g). Suppose
p € clint Z(f) Nclint Z(g) and p ¢ clint(Z(f) N Z(g)).

By the Yosida Embedding Theorem, there is some Z € Z(G) such that p € int Z and
ZNneclint(Z(f)NZ(g)) = 0. So in particular, we are now in position to apply the hypothesis
of (5). Now,

pE€clint(ZNZ(f)) and p € clint(Z N Z(g)).

Applying the hypothesis yields, p € clint(ZNZ(f))Nclint(ZNZ(g)) = clint(ZNZ(f)NZN
Z(g)). However, clint(ZNZ(f)NZ(g)) C clint ZNclint(Z(f)NZ(g)) = 0, a contradiction.

(4) implies (3). Let p € YG and suppose that 7, C U; and F, C Uy for Uy, Uy €
Ult(Z4(@)). If Uy # Us, then choose Z; € Z(G) such that clint Z; € Uy ~ Us. Then there is
a Zo € Z(@G) such that clint Zy € Uy and

clint Z; N clint Z, = 0.
Applying Lemma 5.9, we gather that p € (U; and p € (Uz. Therefore,

p € clint Z; Nclint Zy
= clint Z; N clint Z,
= {,

where the first equality stems from (4). This contradiction means that U; = Us, and hence
(3) is true.
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(3) implies (5). Let f,g € G satisfy int Z(f) Nint Z(g) = 0, and suppose that there is a
p € clint Z(f) Nclint Z(g). Then

clint Z(f) " clint Z(g) = clint(Z(f) N Z(g))
= cl(int(Z(f)Nint Z(g))
=0
Let U € Ult(Z*(G)) be the unique ultrafilter containing F,. Take an element of F,, say
clint Z with p € int Z, then since p € clint Z(f) it follows that int Z Nint Z(f) # 0 and so
clint Z(f) W clint Z = clint(Z(f)N2)
= cl(int Z(f)Nint 2Z)
# 0
This means that the Z*(G)-filter generated by JF, and clint Z(f) is proper, and thus contained

in a Z}(G)-ultrafilter. This means that clint Z(f) € U. A similar argument yields that
clint Z(g) € U. However, this cannot be since these two elements meet at (). Consequently,

clint Z(f) Nelint Z(g) = 0.

(3) implies (6). Clearly, and in general, any Z*(G)-ultrafilter containing F, must contain
only elements (of the form clint Z(f)) which contain p. Now, let & be the unique Z*(G)-
ultrafilter so that {p} = U. Thus, U C S,. As was just pointed out in the proof of (3)
implies (5), if p € clint Z(f), then there is some Z*(G)-ultrafilter, say V, such that F, C V.
By uniqueness, clint Z(f) € V = U. Therefore, U = S,.

(6) implies (3). If S, is an filter, then it must be a Z#(G)-ultrafilter and the unique one
containing Fp.
]

Remark 5.11. It is known that Max,(C(X)) is always a quasi F-space, and that A4 is a
bijection if and only if X is a quasi F-space. Condition (4) of Theorem 5.10 is saying that for
a W-object, the finite infimum in Z#(G) is, in fact, intersection. This appears to us to be the
best possible generalization of a quasi F-space to the Yosida space of an arbitrary W-object.
This characterization of quasi F-spaces is given in [25] Theorem 2.14 (b) (ii).

6. APPLICATIONS TO C(X)

We consider the map 9 : Maxy(C(X)) — BX, which of course is the quasi F-cover of
BX. There are some classical types of topological spaces and covers that arise in the study
of C(X) and we investigate when Max,(C(X)) is of one of these kinds of spaces.

Definition 6.1. Recall the following classification for a Tychonoff space X.
(ED) X is called extremely disconnected if the closure of every open subset of X is clopen.
(BD) X is called basically disconnected if the closure of every cozero-set of X is clopen.
(U) X is called a U-space if it is a strongly zero-dimensional F-space.
Every ED-space is BD, and every BD-space is a U-space. A compact Hausdorff space which
is extremelly (basically) disconnected is known as a (o-)Stone space.
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Theorem 6.2. [20, Propositions 2.1 and 2.4] Let X be a Tychonoff space. The following are
equivalent.
(1) Maxy(C(X)) is a Stone space.

2) Min(C(X))~! is a Stone space.
3) Min(C(X)) is a Stone space.
4) X is fraction dense.
5) Every reqular closed set is the closure of cozero-set.
6) R(X) = clcoz(X) = Z4(X).
7) BX is fraction dense.
8)

QFBX = £(BX).

Proof. Proofs for the items (4), (5), and (7) are in [20]. Clearly, (5) and (6) are equivalent.
That items (2), (3), and (4) are equivalent can be found in [34, Theorem 7.10]. The following
reference should also be mentioned: [25, Lemma 3.20]

So assume that Maxy(C(X)) is a Stone space. Then in particular, C(X) is lamron and
so Min(C(X))~! and Maxy(C(X)) are homeomorphic. Therefore, Min(C(X))~! is a Stone
space, i.e. (2) is true. Conversely, a fraction dense space is complemented and hence lamron
so that Min(C(X))~! and Max4(C(X)) are homeomorphic, whence Maxy(C (X)) is a Stone
space. L]

Theorem 6.3. Let X be a Tychonoff space. The following are equivalent.
(1) Maxy(C(X)) is basically disconnected.
(2) Min(C(X))~! is a o-Stone space.
(3) Min(C(X)) is a o-Stone space.
(4) X is cozero-complemented.
(5) C( ) is a complemented £-group.
(6) Z4(X) is a boolean subalgebra of R(X).
(7) BX is cozero-complemented.
®)

BD(BX)? = QF(BX).

Proof. The proof of theorem is similar to the previous proof. In either case of item (1), (2),
or (3) C(X) is complemented and thus Maxy(C (X)) and Min(C(X))~! are homeomorphic.
If (4) holds, then that Min(C'(X)) is a Stone space is an application of [23, Theorem 4.5].
See [25, Theorem 2.16] for a proof that (4) and (8) are equivalent. Two other important
references are [31] and [26]. O

Remark 6.4. For our final result recall that in [34] the author classified when Min(C(X))~}
is a boolean space, that is a compact zero-dimensional Hausdorff space. The underlying
f-group theoretic condition is that of a weakly cozero-complemented /-group: if whenever
a,b € GT with a A b = 0, then there is a complementary pair 0 < x,y such that a < z
and b < y. This was first looked at in [34] for C(X) and then for general ¢-groups in [30],
specifically Theorem 2.13.

Theorem 6.5. Let X be a Tychonoff space. The following are equivalent.
(1) Maxq(C(X)) is a U-space.
(2) Min(C(X))~! is a U-space.

2BD(X) is the basically disconnected cover of Vermeer [36]
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(3) Min(C(X))~! is a boolean space.
(4) X is weakly cozero-complemented.
(5) BX is weakly cozero-complemented.

Proof. In all three cases (1), (2), and (3), C(X) is lamron and so Max4(C (X)) and Min(C(X))~*
are homeomorphic. Thus, if (1), then (2). Clearly, if (2), then (3). If (3), then Max,(C(X))
is boolean, but it also is an F-space.

As just mentioned (3) and (4) are equivalent by an application of [30, Theorem 2.13]. O

Remark 6.6. All of the results in this section have counterparts for any W-object (G, u)
for which clcoz(G) = cleoz(YG), ie. ZYG) = Z¥(YG). If this happens, then Max,(G)
is a quasi F-space as it is homeomorphic to the quasi F-cover. Therefore, if G is lamron,
then Min(G)~! and Maxy(G) are homeomorphic, and so any topological statement about
the space Max,(G) will have a corresponding statement about Min(G)~!. For example, if
A is a uniformly complete vector lattice with weak unit, then clcoz(A) = clcoz(Y A) and so
it is true that Max,4(A) is a quasi F-space; Theorem 3.2 of [27] can be shortened by simply
pointing out that Max4(A) and QF (Y A) are homeomorphic. We leave it to the reader to
show that their proof can be modified for any W-object with clcoz(G) = clcoz(Y G).

Definition 6.7. The ¢-group G is said to satisfy the countable polar condition if for any
countable subset of G, say S = {gn }nen, there is a g € GT such that S+ = g*. (For rings,
Henriksen and Jerison [23] called this the countable annihilator condition.)

Example 6.8. Not all /-groups satisfy the countable polar condition. In fact, for a compact
zero-dimensional Hausdorff space X, C(X,Z) satisfies the countable polar condition if and
only if X is basically disconnected.

Lemma 6.9. Let (G,u) be a W-object and S C G*. If there is some g € G such that
St = g*, then
cl U coz(g;) = clcoz(g).
g;€S
And conversely.

Proof. Let p € cllJ,,cgcoz(g:). If p ¢ clcoz(g), then there is some h € G such that h(p) = 1
and h(g) = 0 for all ¢ € clcoz(g). Then h A g = 0 and so for all g; € S, h A g; = 0. This
means that for all g; € S and for all ¢ € coz(g;), h(t) = 0. Let O = h™1((3,0)), an open
neighborhood of p. Then O N Jcoz(g;) # 0, a contradiction. Thus, p € clcoz(g).
Conversely, let p € clcoz(g). If p ¢ cllJ,,cgcoz(gi), then again there is some h € G+
such that h(p) = 1 and h(g) = 0 for all ¢ € cl{J g coz(g;). It follows that h € S+, whence
h € g*. So coz(g) C Z(h), whence p € Z(g), a contradiction. O

Proposition 6.10. The W-object (G,u) has the countable polar condition if and only if
clcoz(G) = clcoz(YG).

Proof. Recall Lemma 2.2 of [2] which states and proves that every cozero-set in YG is a
countable union of G-cozero-sets. So starting with a C' € coz(Y G), there is a countable
subset of G, say S = {g, : n € N}, such that

C= U coz(gn).

neN
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If G has the c.p.c., then there is some g € G such that S+ = g*. It follows, by Lemma 6.9,
that

clC =cl U coz(gn) = clcoz(g).
neN

Therefore, clcoz(G) = clcoz(YG).

Conversely, suppose that clcoz(G) = clcoz(YG) and let S = {g, : n € N} C G*. Set
C = U,encoz(gn), a cozero-set of YG. By hypothesis, there is some g € G such that
clC = clcoz(g). Then St = gt and so G has the c.p.c. O
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