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Abstract. W is the category of archimedean ℓ-groups with designated weak order
unit. The full subcategory of W of objects for which the unit is strong unit is denoted
B
by W∗ ; such ℓ-groups are called bounded. Thus arises a coreflection W −→ W∗ . For
G ∈ W, Y G is the Yosida space, and G ≤ pG is the much-studied projectable hull.
Recently, in [1], for G ∈ W∗ , Y pG is identified as the Stone space of a certain boolean
algebra A (G) of subsets of the minimal prime spectrum Min(G), and skepticism is
expressed about extending this to W. Here, we show that indeed such an extension
is possible, using a result from [5] and the following simple facts: in very concrete
ways Min(G) and Min(BG) are homeomorphic spaces, and A (G) and A (BG) are
isomorphic boolean algebras; p and B commute.
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1. Introduction. An ℓ-group G is called projectable if for each g ∈ G, the polar
g ⊥ ≡ {h ∈ G : |h| ∧ |g| = 0} is a summand. The vector lattice terminology [9] is
“principal projection property”. Each representable ℓ-group has a projectable hull
G ≤ pG, a unique minimal essential extension to a projectable ℓ-group. See [3],
and the many further references for projectable (and other) hulls recorded in [1],
[5], [4], and [10].
Henceforth, all ℓ-groups are assume to be archimedean and have a designated
weak order unit; G ∈ W. We record the Yosida representation as G ≤ D(Y G) and
σ
note that pG ∈ W. Yosida quasi-duality yields an irreducible surjection Y G ←−
Y pG which realizes G ≤ pG ≤ D(Y pG) as g 7→ g ◦ σ, see [8].
Knowing Y pG one has the description of pG as
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Theorem 1.1. ([5], 3.6 and 2.5) pG ≤ D(Y pG) is
∑
pG = {
(gi ◦ σ)χUi |gi ∈ G, {Ui } a clopen partition of Y pG}.
finite

Here the χUi are characteristic functions and (g ◦ σ)χUi is the pointwise multiplication. It is obvious that when G is a vector lattice, so is pG. Everything we say
below applies to vector lattices.
The space of minimal prime ideals of G equipped with the hull-kernel topology
is denoted Min(G). Formally, the open base consists of sets of the form
UG (g) = {P ∈ Min(G) : g ∈
/ P }.
These sets are also closed, so Min(G) is a zero-dimensional space. We let A (G) denote the sub-boolean algebra of all clopen sets generated by the collection of UG (g).
From basic Stone duality [11] the Stone representation space S(A (G)) is a compactification of Min(G), and the Stone map is A (G) ∋ A 7→ Ā ∈ clop(S(A (G))).
The result from [1] mentioned in the abstract is the novel item that for H ∈ W∗ ,
Y pH = S(A (H)). This is derived by exhibiting an embedding H ≤ C(S(A (H))),
τ
which produces a map Y H ←− S(A (H)) (Yosida quasi-duality) and subsequently
a construct called P(H) resembling the right side of Theorem 1.1, using τ instead of
σ. A proof is then given that P(H) is indeed pH, and therefore Y pH = S(A (H)).
This is for H ∈ W∗ ; Theorem 1.1 is not mentioned. (Note then that τ and σ are
equivalent.)
We note that the above P(H) is the same as the pH in Theorem 1.1 when
H ∈ W∗ , because such H is “local”, whereas not all G ∈ W are. For G ∈ W,
the construct P(G) (mutatis mutandis) gives what we have called the “weakly
projectable” hull of G, which must be followed by localization to get pG. This is
thoroughly discussed in [5] and [6], and we need not go into it here. (We mention
that “local” is built into Theorem 1.1.)
2. Y pG = S(A (H)). We denote elements of G (resp., BG) by g (resp., h),
and elements of Min(G) (resp., Min(BG)) by P (resp., Q). We denote the distinguished element of G by 1, which is a strong unit of BG; n stands for n · 1.
Definition 2.1. Given a G ∈ W we define the functions contraction
tG : Min(G) → Min(BG) and extension eG : Min(BG) → Min(G)
as follows. For P ∈ Min(G),
tG (P ) = P ∩ BG.
For Q ∈ Min(BG),
eG (Q) = {g ∈ G : ∃q ∈ Q+ , |g| ≤ q}.
Note that eG (Q) is the convex ℓ-subgroup of G generated by Q. The embedding
of BG ≤ G is an example of a rigid extension. The main thrust of this is that the
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contraction mapping tG takes minimal primes of G to minimal primes of BG, and
the contraction map is a bijection with extension as its inverse. (See Section 2 of
[4] for more information on rigid extensions.)
Our next result is needed for our main theorem. The new piece here is part (d).
Theorem 2.2. For the extension BG ≤ G, the following statements are true.
(a) For each P ∈ Min(G), et(P ) = P , and for each Q ∈ M in(BG), te(Q) = Q.
(b) For each g ∈ G and h ∈ BG, t(UG (g)) = UBG (|g| ∧ 1), and e(UBG (h)) =
UG (h).
(c) The maps t and e are inverse homeomorphisms.
(d) t(A (G)) = A (BG) and A (G) = e(A (BG)).
Remark 2.3. The contraction map can be extended in several diﬀerent ways. For
example, one can extend to the set of all prime subgroups of G not containing the
weak order unit. In this case, it is known that contraction is an order bijection
between this latter set and the set of prime subgroups of BG. Consequently,
the restriction of this bijection to Y G (resp., Min(G)) produces homeomorphisms
between Y G and Y BG (resp., Min(G) and Min(BG)).
The following is asserted in 2.2(5) of [2], and can also be recognized (with some
thought) as a special case of [10]. We provide a short proof using Theorem 1.1.
Theorem 2.4. For all G ∈ W, BpG = pBG. That is, pB = Bp.
Proof.

Per Theorem 1.1, the elements of pG are the f ∈ D(Y pG) of the form
∑
f=
(gi ◦ σ)χUi
(∗)

where {Ui } is a finite clopen partition of Y pG. It is obvious that if each gi is
bounded, then so is f . Thus if G = BG, then pG = BpG. This yields that for each
G ∈ W, pBG = BpBG.
Next, observe that since BG ≤ G we also have that pBG ≤ pG and thus
pBG = BpBG ≤ BpG. Therefore, pBG ≤ BpG. Conversely, if f ∈ BpG, then
writing
∑
f=
(gi ◦ σ)χUi
with f bounded, we can easily modify the gi to be bounded: if |f | ≤ n ∈ N, then
set gi′ = (−n ∨ g) ∧ n. Then
∑
f=
(gi′ ◦ σ)χUi
so that f ∈ pBG.
Now, as mentioned before:

2
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Theorem 2.5. ([1], Theorem 5.1) For H ∈ W∗ , Y pH = S(A (H)). Thus, for
G ∈ W, Y pBG = S(A (BG)).
Combining the previous results leads to the following extension of Theorem 2.5
to W.
Theorem 2.6. For G ∈ W, Y pG = S(A (G)).
Proof.

For any E ∈ W, Y E = Y BE [8]. So
Y pG = Y BpG = Y pBG = S(A (BG)) = S(A (G)),

the second equality stems from Theorem 2.4, the third equality is Theorem 2.5,
and the last equality is Theorem 2.2.
2
In [7], we shall give a mostly topological proof of Theorem 2.6, not using Theorem 2.5.
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