1. SETS, RELATIONS, AND FUNCTIONS

We begin by recalling our axioms, definitions, and concepts from Set Theory.
We consider the first order logic whose objects are sets and which has two binary

predicates: =, €. Recall that we may apply boolean operators to create new sen-
tences: V,A,—, . We also recall the two main quantifiers: V (universal) and 3
(existential).

The sentence x € A means that « is a member of A. We write z ¢ A instead of
—(x € A).

Definition 1.1. Suppose A and B are sets. We write A C B (and say A is a subset
of B) if every element of A is an element of B. This means that

Ve(r € A— z € B).

Our first axiom is the tool that allows us how to determine when two sets are
equal. Notice that it says that to show two sets are equal you must demonstrate
two items. Get in the habit of mentioning the axiom of extensionality.

Axiom of Extensionality Two sets A and B are equal if and only if they have
the same elements, i.e. A C B and B C A.

Axiom of Set Existence There exists a set which does not contain any elements.
This set is denoted by () and called the emptyset.

Axiom of Specification To every set A and to every well-defined formula S(z)
there corresponds a set B whose elements are exactly those elements x € A for
which S(z) holds. This set is denoted by {z € A : S(z)}.

Axiom of Unions We will assume that every collection of sets (which contains
at least one set) can be written as {A;};c; where I denotes some index set. The
axiom of union says that there is a set, denoted  J;; A; which consists of precisely
those elements that belong to at least one of the A;. When the index set is finite,
say i1,--- ,i, we instead write 4;, U---UA; .

Proposition 1.2. For any sets A, B,C
(1) AUB=DBUA,
(2) AU(BUC)=(AUB)UC,
(3) AUA=A,
(4) AC B if and only if AUB = B.

Lemma 1.3. Let {A;}icr be a family of sets. There is a set whose elements are
precisely the elements that belong to A; for all i € I.

Remark 1.4. The set given by Lemma 1.3 is called the intersection of sets and
is denoted by (),c; A;. When I is a finite set, say i1,--- i, then we instead write
A;yN---NA; . If two sets, say A and B satisfy AN B = (), then A and B are said
to be disjoint sets.

Proposition 1.5. For any sets A, B,C
(1) AnB=BnNA,
(2) An(BNC)=(AnB)NC,
(3) AnA=A4,
(4) ACB ifand onlyif ANB = A.
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Theorem 1.1 (Distributive Laws). For any three sets A, B, C the following equal-
ities hold.

(1) AUBNC)=(AUB)N(AUCQC).

(2) AN(BUC)=(ANB)U(ANC).

Definition 1.6. For any sets A, B we define AN B = {z € A:x ¢ B}. This set is
uniquely defined and exists by the Axiom of Specification. The set A ~\. B is called
the complement of B in A.

Proposition 1.7. For any sets A, B,C
(1) AN(ANB)=ANB,
(2) AN(BNC)=(ANB)N (ANQO),
(3) If AC B, then (C\ B) C (C\ A).

Axiom of Power Sets For any set A there exists a set whose elements are precisely
the subsets of A. This set is called the power set of A and is denoted by P(A).

Axiom of Ordered Pairs Let A, B be sets. The cartesian Product of A and B
is the set of ordered pairs of the form (a,b) for a € A, b € B; the set is denoted by
A x B. Ordered pairs satisfy the property that (a,b) = (¢, d) if and only if a = ¢
and b =d.

Definition 1.8. A relation from a set A to a set B is a subset R C A x B. If
A = B we call R a relation on A. If (a,b) € R, we also write a ~r b: Let R be a
relation on a set A

a. R is reflexive if for all a € A, a ~g a,

b. R is symmetric if for all a,b€ A (a ~g b — b ~g a,

R is antisymmetric if for all a,b € A [(a ~gr b and b ~g a) — a = b),
R is transitive if for all a,b,c € A [(a ~gband b~ c) = a ~g ],

R is an equivalence relation if R is reflexive, symmetric, and transitive.
R is a partial order if R is reflexive, antisymmetric, and transitive.
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Definition 1.9. Let S be an equivalence relation on A. For an element a of A
the equivalence class of a (relative to S) is defined to be {x € A : z ~g a} and is
denoted by [a]: The set A/S = {[a] : a € A} is called the quotient set of A by S or
the quotient set of A by ~g.

Definition 1.10. A partition of a set A is a set D of non-empty pairwise disjoint
subsets of A with the property that for each z € A there is an element B of D with
x € B.

Theorem 1.2. Let A be a non-empty set. If S is an equivalence relation on A
then A/S is a partition of A.

Definition 1.11. A function from a set A to a set B is a relation f from A to B
such that

(i) For each a € A there is a b € B with (a,b) € f,

(ii) If (a,b) € f and (a,d) € f, then b =d.
We write f : A — B to denote that f is a function from A to B: If (a,b) € f we
instead write f(a) = b. The set A is called the domain of f, while the set B is called
codomain of f. The range of f is the set of b € B such that b = f(a) for some
a€A
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Definition 1.12. A function f : A — B is injective (aka one-to-one) if for all
xz,y € A [f(x) = f(y) = « = y]. The function f is surjective (aka onto) if B is the
range of f. If f is both injective and surjective, then f is called a bijection.

If f: A— B and g: B — C are functions, the composition is the function
gof:Aw C given by (go f)(x) = g(f(x)) for each x € A.

For any set A let 14 denote the function 14 : A — A defined by 14(x) = x for
each x € A. This function is called the identity function on A.

Proposition 1.13. Suppose f: A— B and g : B— C are functions.
a. If f and g are injective, then g o f is injective.
b. If f and g are surjective, then g o f is surjective.

Proposition 1.14. Suppose f: A~ B . Then f is a bijection if and only if there
is a function g : B — A such that fog = 1p and go f = 14. In this case g is
unique and is called the inverse of f and is denote by f~1.

2. REAL NUMBERS
We let R denote the set of real numbers.

Definition 2.1. For aset S C R and u € R, we call v an upper bound of S if u > x
for every z € S. Not every subset of R possesses an upper bound. If there is an
upper bound for S, then we say that S is bounded above. A lower bound and a
bounded below set are defined analogously.
Let S C R and let b € R. We say that b is a least upper bound for S if it satisfies

the following two properties:

i. b is an upper bound of S,

ii. For any other upper bound of S, say u € R, b < u.

A greatest lower bound for a set is defined analogously.

Lemma 2.2. Suppose S C R. If S has a least upper bound, then it is unique.
Similarly, for greatest lower bound. (So we can use the article the instead of a.)
We denote the least upper bound (resp. greatest lower bound) if S, by lub(S) (resp.

gib(S))-

Axiom of Real Numbers We assume that the set of real numbers is Dedekind
Complete, that is, whenever a set is bounded above (resp. below), then the set in
question possesses a least upper bound (resp. greatest lower bound). This state-
ment is actually a theorem however we shall simply assume that R is Dedekind
Complete. [Named after Richard Dedekind c. 1831-1916 who developed the foun-
dational theory of the real numbers.]

Proposition 2.3. Let ) # B C A C R. If A is bounded above, then so is B and
lub(B)< lub(A). Analogously for gib.

Proposition 2.4. The absolute vale function has the following properties for all
x,y € R:
(1) 0< ||,

)
)z <|zl,

) lzyl = |z[lyl,
)

|z +y| < |z + |yl



(6) |z —
y| < |z + |yl,



Definition 2.5. Let S: N — Y be a sequence. Wesay T : N — Y is a subsequence
of S if there is a function F' : N — N such that F(i) < F(j) whenever i < j and
T =SoF. If (x,) is a sequence, we denote a subsequence by (x, ).

Proposition 2.6. Let (z,) be a sequence in' Y which converges to a point x € Y.
Then every subsequence (Tn, ) of (Tn) converges to x.

Definition 2.7. Let B be a subset of Y. Then B is called sequentially compact if
every sequence in B has a subsequence which converges to a point of B.

Proposition 2.8. A sequentially compact subset of Y is closed.

Proposition 2.9. Let B be a sequentially compact subset of Y : Suppose D C B
and D 1is closed. Then D 1is sequentially compact.

Definition 2.10. A sequence (4,,) of subsets of Y is said to be nested if A,,11 C A,
for each natural number n.

Theorem 2.1. If (A,,) is a nested sequence of non-empty closed subsets of Y and
A; is sequentially compact then N2, A, is not empty.

Example 2.11. Give an example to show that the previous theorem is false if we
do not assume that A; is sequentially compact.

Theorem 2.2. For any real numbers a < b € R, [a,b] is sequentially compact.

Definition 2.12. A subset A C R is bounded if A is a subset of some interval [a, b].

Theorem 2.3. A subset B C R is sequentially compact if and only if B is closed
and bounded.

Definition 2.13. Let (Y, d) be a metric space. A non-empty subset B C Y is said
to be bounded if the set
S(B)={reR:r=d(x,y) for some z,y € B}

is bounded above. If B is bounded, the least upper bound of S(B) is called the
diameter of B and is denoted by d(B). By convention we say the emptyset is
bounded and set d(0) = 0.



6

Proposition 2.14. Let (Y,d) be a metric space and B be a bounded subset of Y.
Then cl(B) is bounded and d(B) = d(cl(B)).

Proposition 2.15. A sequentially compact subset of Y is bounded.

Definition 2.16. Let D C Y and let C = { A, }qer be a collection of subsets of Y.
We say that C' is a cover of D if for every x € D there exists some A, € C such
that z € A,. If in addition, each element of C is an open set, C' is called an open
cover of D.

Theorem 2.4. Suppose (Y,d) is a metric space. Let D C Y : Suppose that D is
non-empty and sequentially compact. Let C' be an open cover of D. Then there is
a real number € > 0 such that if E C D with d(E) < €, then E C A, for some
A, eC.

Definition 2.17. Suppose (Y,d) is a metric space and let D C Y. D is called
totally bounded if for every r > 0 there are points z1, cdots,z,, € D such that
D C(By(x1)U---UBp(x))-

Proposition 2.18. Suppose (Y, d) is a metric space and let D CY. If D is totally
bounded, then D is bounded.

Example 2.19. Give an example of a metric space Y which is bounded, but not
totally bounded.

Proposition 2.20. Suppose (Y,d) is a metric space and let D C Y. If D is
sequentially compact, then D is totally bounded.

Example 2.21. Give an example of a metric space Y which is totally bounded,
but not sequentially compact.



