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(10) Let o € Aut(Zy) be the automorphism induced by o(1) = 4. Find o(0).
(11) When is the operation on cosets well-defined? So g1 H * go H = (g192)H?
»@(12) Find a set representatives of the distinct cosets of a given H. For example, consider G = Dy
and H =< r? >. Then [G : H] = 4. Find representatives of the 4 distinct left cosets of H.
(13) Suppose G =< z,y|z" = y™ = e and zy = yz* >
(a) Prove by induction that ziy = yz*.
(b) Write zy? = y?27 for appropriate j.
(c) Compute < zy > and find the order of xy.
4) Draw the lattice of subgroups of Ss.
5) Draw the lattice of subgroups of Djy.
6) Draw the lattice of subgroups of Qs.
7) Draw the lattice of subgroups of Z,.
8) Draw the lattice of subgroups of Zy,.
9) Draw the lattice of subgroups of Z,2,
0) Draw the lattice of subgroups of Zy, x Z,.
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) State and prove Lagrange’s Theorem.

) Prove that every cyclic group is abelian.

«== (4) Prove that every subgroup of a cyclic group is cyclic.

) Let G be an abelian group. Prove that the elements of finite order form a subgroup of G.

) Let H be a subgroup of G and g € G. Prove that gHg ™! is a subgroup of G.

) Prove that Z(G) or Cg(g) is a subgroup of G.

) Prove that addition and multiplication on Z,, is well-defined.

) Prove that the set of cosets of a subgroup form a partition of G.

) Prove the following. Let G be a cyclic group of order n and suppose that a is a generator
for G. Then a* = e if and only if n divides k.

1) Let (G, *,e) be a group. Prove that the identity is unique.

2) Let (G, *,e) be a group. Prove that the inverse of an element is unique.

3) Prove that | < g > | = o(g).
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Prove that the intersection of subgroups is a subgroup.
5) For a subgroup H < G and g € G, prove that |gH| = |H|.
6) Prove that for every n € Z, (aba‘l)" = abPa.
) Prove that (g1-... gn) ‘=97 ... g7 %
) Prove that |H| = |gHg™}|.
) Prove that a given subgroup is normal, e.g. Kerp, Z(G).
) Prove that gHg™! < G.
) Given that ¢ : G — H is a homomorphism, prove that ¢(eq) = eq.
) Given that ¢ : G — H is a homomorphism, prove that ¢(g~!) = ¢(g)~*
) Given that ¢ : G — H is a homomorphism, prove that ¢(G) < H.
) Given that ¢ : G — H is a homomorphism, prove that if G is abelian, then ¢(G) is abelian.
) Given that ¢ : G — H is a homomorphism, prove that if G is cyclic, then ¢(G) is cyclic.
) Prove that if G/Z(G) is cyclic, then G is abelian.
) Prove that ¢, : H — gHg~! defined by ¢4(h) = ghg™! is an isomorphism.
) Prove that a given map is a homomorphism (resp. isomorphism or automorphism).
) Prove that a composition of homomorphisms is a homomorphism.
) Is the map f: G/H — K well-defined? For example ¢ : Z7 — Zio defined by p(z) = 2z.
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